Non-equilibrium finite temperature dynamics of magnetic quantum systems:
  Applications to spin-polarized scanning tunneling microscopy by Them, Kolja et al.
Non-equilibrium finite temperature dynamics of magnetic quantum systems:
Applications to spin-polarized scanning tunneling microscopy
K. Them,∗ T. Stapelfeldt, E. Y. Vedmedenko, and R. Wiesendanger
Institute of Applied Physics and Microstructure Research Center,
University of Hamburg, Jungiusstr. 11, 20355 Hamburg, Germany
(Dated: September 29, 2018)
We calculate the real time non-equilibrium dynamics of quantum spin systems at finite tem-
peratures. The mathematical framework originates from the C∗-approach to quantum statistical
mechanics and is applied to samples investigated by means of spin-polarized scanning tunneling
microscopy. Quantum fluctuations around thermal equilibrium are analyzed and calculated. The
time averaged expectation values agree with the time averaged experimental data for magnetization
curves. The method is used to investigate the dynamics of a sample for shorter times than the reso-
lution time of the experimental setup. Furthermore, predictions for relaxation times of single spins
on metallic and semiconductor surfaces are made. To check the validity of our model we compare
our results with experimental data obtained from Fe adatoms on InSb and Co adatoms on Pt(111)
and find good agreement. Approximated thermalization is found numerically for the expectation
values of the spin operators.
PACS numbers: 02.10.De,03.65.Aa,03.65.Fd,64.60.an,64.60.De,75.10.Jm,75.30.Hx,75.30.Gw
INTRODUCTION
Spin sensitive studies of individual magnetic adatoms
and atomic ensembles on surfaces with spin-polarized
scanning tunneling microscopy (SP-STM) [1, 2] have
raised the necessity of a quantum-mechanical description
of the spin dynamics evoked by SP-STM experiments.
Magnetization curves obtained in experiments are typ-
ically described using the expectation values of observ-
ables using a time independent, i.e. kinematic, Gibbs
ensemble average [3, 4]. However, an SP-STM measure-
ment is a time-average of the orientation of a spin com-
ponent selected by the given spin orientation of the probe
tip. Therefore, the dynamics of the magnetization in the
sample under the study remains unknown within the ex-
perimental resolution time. It would be helpful to com-
pensate this lack of knowledge with theoretical investiga-
tions.
When the STM tip comes towards an atom or a clus-
ter under the study, the Hamilton operator of the system
changes due to the interactions with tunneling electrons.
The perturbed dynamics drives the state out of equilib-
rium and the ergodicity is not a priory ensured. There-
fore, the ergodicity of a system has to be checked for
a reliable interpretation of experimental results. A still
unexplained finding is the extremely high switching fre-
quency of Co atoms on Pt(111) at zero magnetic field [3].
In contrast to magnetic atoms on insulating substrates
Co/Pt(111) possesses very strong out-of-plane anisotropy
(9 meV) without any transversal contributions. Hence,
the Hamiltonian of the free system is diagonal in the
|Sz〉 basis and, therefore, the tunneling rate is zero [3].
The anisotropy barrier is approximately 100 times larger
than the temperature used in experiments. Therefore,
the Boltzmann probability to pass this barrier by ther-
mal activation is also negligible. The measured magneti-
zation, in contrast, is zero at zero field even in the regime
of elastic tunneling, where the tunneling current density
is minimal. A related problem is the so-called ”return
to equilibrium”, also referred as relaxation. The relax-
ation of an excited system depends on its initial state
[5]. There might exist some initial states from which the
system can return to equilibrium and there might exist
some other initial states from which this process will not
happen.
The formal, mathematical description of systems
which can be described by different Hamilton opera-
tors before/after and during the measurement process
has been elaborated in the framework described in [5].
The algebraic approach to quantum statistical mechan-
ics provides appropriate mathematical tools to verify the
dynamical relaxation of a disturbed system (return to
equilibrium) analytically [5–7]. Several theoretical as-
pects in the algebraic approach to quantum spin sys-
tems, such as propagation velocities, are of actual re-
search interest [8]-[14]. Particularly, it is proven that a
mathematically exact return to equilibrium is ensured if
the dynamical system satisfies some form of asymptotic
abelianness and if the initial state is a perturbed KMS
state (Kubo-Martin-Schwinger) [5]. In the present paper
we use the algebraic formulation of quantum statistical
mechanics [5] to clearly separate the thermal equilibrium
Gibbs states and the time evolution of the system during
SP-STM experiments.
It is generally believed, that only large systems show
a relaxation process. We demonstrate that also expec-
tation values of relatively small quantum spin systems,
containing less than 10 particles, return approximately
to equilibrium when a perturbed KMS state is used as
an initial state. Especially interesting is the theoretical
ar
X
iv
:1
30
8.
28
75
v1
  [
co
nd
-m
at.
me
s-h
all
]  
13
 A
ug
 20
13
2analysis of the dynamics on time scales which are not ac-
cessible for an STM. Using exact diagonalization we cal-
culate the dynamics of single quantum spins during and
after SP-STM measurements at finite temperatures. We
demonstrate that the relaxation times of those quantum
objects on different substrates lie in the femto-, pico- or
nanosecond regime. It means that a good approximation
of the long time behavior can be given for certain classes
of real finite systems. To check whether the short time
dynamics has a reliable behavior, the calculated relax-
ation time has been compared with experimentally de-
termined life times for single spins [4]. Ground states are
obtained from KMS states if the zero temperature limit
is performed.
METHOD
The SP-STM set-up is approximated by (in general)
two different Hamiltonians in our approach. There is a
Hamiltonian H for the free system and, if a measurement
is started, we get an additional hermitian operator P for
the interaction between the tip and the sample. Hence, if
the tip is moved towards the surface, the system switches
from H to H+P because of the sudden emergence of tun-
neling electrons causing the interaction between the tip
and the sample. The STM-tip can be used to prepare a
H H + P
1
FIG. 1: H describes the free system and H +P describes the
perturbed system, i.e. the system with interaction between
the tip and the sample.
system with desired expectation values. For the corre-
sponding state we choose a perturbed KMS state ωβP .
The reason for the application of this state is justified in
the following text.
To describe a quantum spin system we consider parti-
cles on a lattice Zd and associate with each point x ∈ Zd
a Hilbert space Hx of dimension 2s(x) + 1. With a fi-
nite subset λ ⊂ Zd we associate the tensor product space
Hλ =
⊗
xi∈λHxi . The local physical observables are
contained in the algebra of all bounded operators acting
on Hλ. This is the C∗-algebra Aλ ∼=
⊗
xi∈λM2s(xi)+1
in which Mn denote the algebra of n × n complex ma-
trices. Physically, this can be interpreted as follows: at
each lattice site x there is a particle with spin quantum
number s(x) and with n = 2s(x) + 1 = dim(Hx) degrees
of freedom. The numerical calculations are done for sys-
tems of finite dimensions. The indices x, xi and λ are
suppressed in the following text for clarity. A mixed (or
normal) state ω is described as a normalized positive lin-
ear functional over the matrix algebra A and is given by
a density matrix ρ.
ω : A → C, A 7→ ω(A) = Tr(ρA) (1)
The dynamical evolution of an observable A ∈ A for a
system with Hamiltonian H = H∗ ∈ Mn can be de-
scribed by the Heisenberg relations
τt : A → A, A 7→ τt(A) = e itH~ Ae− itH~ . (2)
Thus, the map t ∈ R 7→ τt is a one-parameter group of
∗-automorphisms of the matrix algebra A. In our formal-
ism the Hamiltonian H describes a ”free” quantum sys-
tem without any interaction with the magnetic tip (Fig.
1, left). When the spin-polarized current starts to flow
through the system under investigation, the interaction
between the tip and the sample is described by the per-
turbed Hamiltonian H + P (Fig. 1, right). A perturbed
dynamical evolution can be introduced by
τPt : A → A, A 7→ τPt (A) = e
it(H+P )
~ Ae−
it(H+P )
~ . (3)
Thermal equilibrium at inverse temperature β is modeled
by the Gibbs canonical ensemble state which is also the
unique (τ, β)-KMS state, denoted by ωβ and given by
ωβ(A) =
Tr(e−βHA)
Tr(e−βH)
. (4)
These states are invariant under the action of τ , i.e.
ωβ(τt(A)) = ω
β(A), but in general not invariant under
the action of τP . A corresponding perturbed (τP , β)-
KMS state can be introduced by
ωβP (A) =
Tr(e−β(H+P )A)
Tr(e−β(H+P ))
. (5)
Now we can plug the perturbed dynamics into the un-
perturbed equilibrium state [5]
ωβ(τPt (A)) ≡ 〈A〉1(t). (6)
The brackets 〈...〉(t) shall mean that we calculate the time
evolution of an expectation value for the observable A.
This corresponds to the situation when the spin-polarized
tunneling current is switched on at the time t = 0 and the
system was in thermal equilibrium for t < 0. The func-
tion (6) is used to model the process of a measurement
of a magnetization curve. We can also plug the unper-
turbed dynamics into the perturbed equilibrium state [5]
ωβP (τt(A)) ≡ 〈A〉2(t). (7)
3In this case a spin-polarized current is switched off at
the time t = 0. The state ωβP can be prepared with
SP-STM. The function (7) can also be used to model
the process of return to equilibrium. If a certain model
Hamiltonian is associated with H and P , the evaluation
of expectation values with (6) and (7) can be calculated
with different numerical methods. Some other examples
to which this approach can be applied can be found in
[15]-[19]. To make connection to the more common the-
oretical models for SP-STM, we notice that P could, for
example, be given by a kind of s-d interaction or the
Tersoff-Hamann model. The choice of P to be a local
magnetic field is appropriate to save memory, which is
needed by the calculation of a relaxation process.
A measurement in SP-STM is a time average over a
time period ∆t. For example the time resolution of the
measurement in [3] is ∆t = 10 ms. Each point on a
measured magnetization curve corresponds then to the
value:
〈A〉∆t = 1
∆t
∫ ∆t
0
dt ωβ(τPt (A)), (8)
where A is a spin component, i.e., Sx, Sy or Sz.
It is worth to mention, that for infinite systems the
equations (6) and (7) are widely analysed in mathemat-
ical physics [5], but it seems that they were never ap-
plied to real physical spin systems. If the substitution
H  H + P is replaced by (A, τ)  (A, τP ), compre-
hensive mathematical structures [5]-[14], [20]-[27] can be
applied for the analysis of physical systems. If any form
of asymptotic abeliannes is satisfied one finds
lim
t→∞ω
β(τPt (A)) = ω
βP (A), (9)
which motivates the application of perturbed KMS states
as states which can be prepared with an SP-STM. On the
other hand
lim
t→∞ω
βP (τt(A)) = ω
β(A), (10)
which motivates the application of (7) to calculate a re-
laxation process after the spin current has been switched
off. The states ωβ and ωβP are related by the Møller
morphisms γ±, especially if L1(A0)-asymptotic abelian-
ness is satisfied [5]. Furthermore, one finds that ground
states, which are zero temperature KMS states, have a
tendency to be less stable than KMS states at finite tem-
perature.
NUMERICAL CALCULATIONS
Magnetic adatoms on a metallic or a semiconductor
surface can often be modeled with a Hamiltonian of the
form
H =
∑
i
(
DS2iz + E(S
2
ix − S2iy)
)
+
n∑
i,j,α
JαijS
α
j σ
α
i . (11)
The first term of the Hamiltonian describes the magnetic
properties of adatoms. The second summation approxi-
mates the interaction of magnetic atoms with substrate
electrons and is sometimes called s-d interaction. Sα are
the components α = x, y, z of the spin operators of the
adatoms and σαi are Pauli matrices corresponding to the
spin components of the substrate electrons at a lattice
site i. Jαij is the strength of the Heisenberg interaction
between the adatom and the substrate electrons. The
strength of |Jαij | in Eq. (11) has been distributed ran-
domly between 0 and 0.8 meV, corresponding to the typ-
ical strength of exchange interaction between magnetic
adatoms on conducting or semiconducting surfaces. For
our model calculations two different types of perturba-
tion were chosen:
P =
∑
i,α
gµBB
αSαi , (12)
where Bα is a local magnetic mean field acting on the
sample, g a gyromagnetic constant and µB is the Bohr
magneton. Alternatively one can choose
P =
∑
i,j,α
J
′α
ij S
α
i σ
α
i +
∑
i,α
mασαi , (13)
where σαi are the spin operators of the tunneling electrons
and mα is the magnetization of the tip. The values of
J
′α
ij have been chosen to be similar to those of J
α
ij .
In the first part of calculations we study a single
adatom coupled to bath electrons. It is a priori not clear,
whether the described finite quantum system is able to
approach its equilibrium. It will be demonstrated that al-
ready n = 8 substrate (or bath) electrons acting as a heat
bath are sufficient, for a single adatom at zero magnetic
field, to reach thermal equilibrium, when a perturbed
KMS state is used. After a characteristic time t0 the
expectation value 〈Sα〉2(t) relaxes and fluctuates around
its thermal equilibrium value, i.e.,
ωβP (τt(Sz)) −→≈ ωβ(Sz) =
Tr
(
e−βHSz
)
Tr
(
e−βH
) . (14)
The amplitude and the form of fluctuations are tempera-
ture dependent. To make sure that we get realistic relax-
ation times, we compare our calculations with the life-
time of an Fe adatom on InSb estimated in recent SP-
STM experiments [4, 28]. The corresponding parameters
gFe = 2, D = −1.4 meV, E = 0.22 meV and S = 1 for
the iron atom are taken from [4]. To calculate the relax-
ation time we use the expression ωβP (τt(Sy)), in which
the time evolution is generated by the Hamiltonian Eq.
(11). The y-component of the iron atom was investigated
in this experiment [4]. In Fig. 2 the agreement of the in-
terpretation of ωβP (τt(Sy)) as a relaxation process with
experimental data [4, 28] is verified.
As one can see from Fig. 2, the expectation value
of the magnetization increases from -1 to zero and then
4fluctuates around thermal equilibrium. The experimental
estimation of the lifetime tl.t. of the excited state was
done by the formula tl.t. =
~
2∆E , where ∆E is the energy
difference between the states, obtained from inelastic SP-
STM[4, 28].
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FIG. 2: Return to equilibrium for the spin component Sy of an
iron atom on an indium antimonide surface for short and long
times at T = 4.2 K. Fig. 2 a): The experimentally estimated
life time of 800 fs is in good agreement with the calculated
relaxation process. Fig. 2 b): After the relaxation is done the
expectation value remains near thermal equilibrium ωβ(Sy) =
0.
In Fig. 3) and 4) the calculated functions for a high
temperature of 100 K and a low temperature of 4 K are
shown. The short time and the long time behavior are
analyzed for different values of the parameters E and D
in Eq. (11). In Fig. 3 a)-d) the function ωβP (τt(Sz)) is
plotted for different values of E and fixed D, while E is
fixed and D is varied in Fig. 4 a)-d).
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FIG. 3: Return to equilibrium for Sz of a single adatom spin
coupled to 8 substrate electrons. The relaxation is shown for
temperatures of T = 4 K, T = 100 K, different values of E
and fixed D = 1 meV. Fig. 3 a) and 3 c): The short time
behavior shows a faster relaxation for a higher temperature.
Fig. 3 b) and 3 d): The long time behavior shows smaller
quantum fluctuations around thermal equilibrium for higher
temperatures. The different time scales on the x-axis should
be noted.
It can be seen that in all cases the fluctuations de-
crease with increasing temperature. Depending on the
time scale, in all cases the evaluated function ωβP (τt(Sz))
can be approximated by a function starting from −1 with
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FIG. 4: Return to equilibrium for Sz and different values of D
of a single adatom spin coupled to 8 substrate electrons. The
relaxation time grows with increasing value of the anisotropy
barrier D. Fig. 4a) and 4c): The short time behavior shows
a faster relaxation for a higher temperature. Fig. 4b) and
4d): The long time behavior shows smaller quantum fluctu-
ations around thermal equilibrium for higher temperatures.
The different time scales on the x-axis should be noted.
an exponential decay to zero. Fluctuations induced by
the temperature are not able to switch the spin back to
〈Sz〉 ≈ −1. A similar behavior has been found experi-
mentally in [29], where a single Fe spin was excited with a
high voltage pump, corresponding to a strong perturba-
tion in our model, and the relaxation process of this single
spin was investigated. The magnetization showed the ex-
ponential decay for first time period, followed by small
fluctuations near thermal equilibrium. The temperature
was unable to switch the spin to its initial value for t = 0.
The appearance of larger fluctuations for a lower tem-
perature might be explained by energy considerations.
A system at a lower temperature has less energy than a
system at a higher temperature. A perturbation P corre-
sponds to an additional amount of energy. Notice that for
an infinite system this additional energy is negligible and
an exact thermalization might take place [5]. The relative
ratio between the energy of perturbation and the energy
of the free system is larger at lower temperatures. This
might be a reason for the stronger fluctuations at lower
temperatures. Another important effect at low tempera-
tures are ”quantum fluctuations”, which become extinct
with increasing temperature. We can also see that for
higher temperatures the quantum spin of the adatom re-
turns faster to equilibrium, i.e. the adatom relaxation
time becomes shorter. With increasing value of D the
relaxation time also increases. This is in agreement with
the statement that a spin ”up” or ”down” state becomes
more stable with increasing anisotropy barrier. For in-
creasing E (see Fig. 3 a,c) an inverted behavior has been
observed for short times.
Now we will apply Eq. (6) and (8) to model the STM
measurement process as a time average. As an exam-
5ple we take cobalt adatoms on platinum (111) [3]. As
described in the introduction the reason for zero magne-
tization of a Co adatom on Pt(111) at zero external field
was still unclear (see Fig. 5). The Hamiltonian for the
cobalt atom is given by [3]
H = −mBzSz −KS2z , (15)
with m = 3.7 µB and K = 9 meV. From this Hamiltonian
a nearly vanishing probability for the states |− 32 〉, |− 12 〉,| 12 〉 and | 32 〉 can be found in thermal equilibrium.
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FIG. 5: a) The high energy states | − 3
2
〉, | − 1
2
〉, | 1
2
〉 and
| 3
2
〉 got a vanishing probability in thermal equilibrium. The
preferred states are those where the spin points ”up” | 5
2
〉 or
”down” | − 5
2
〉. b) The time averaged magnetization curves for
two different temperatures show agreement of Eq. (8) with
the experimental data in [3]. For high positive magnetic field
mostly the | 5
2
〉 state is occupied and for high negative field it
is the | − 5
2
〉 state.
If the spin has been prepared to be polarized in pos-
itive or negative z-direction it is not a priori clear how
the spin can switch in the opposite state because of the
high anisotropy barrier. The temperature of T = 0.3 K
and T = 4.2 K used in this experiment is much too low
to switch the spin over the anisotropy barrier of K = 9
meV. The Ne´el-Brown law predicts a switching time of
a few million years, which is in disagreement with the
short resolution time of 10 ms of the SP-STM technique
used in [3]. The absence of the transverse anisotropy
term E(S2x−S2y) in the free system prevents direct tran-
sitions under the barrier between the | 52 〉 and |− 52 〉 states.
To explain the zero expectation value of Sy a quantum
tunneling or a current induced magnetization switching
mechanism has been speculatively proposed [3]. Here, we
check this proposition by numerical calculations.
The perturbation is taken to be P = J
∑
i
~S~σi +∑
i ~mtip~σi, with the magnetization ~mtip of the tip and
the Pauli matrices corresponding to the tunneling elec-
trons. When the cobalt atom gets perturbed because of
the interaction with the tunneling electrons it gets out of
equilibrium and the question about the occupation prob-
ability of the states | 52 〉,...,|− 52 〉 arises. A related question
is, in which way the spin gets from the | 52 〉 to the | − 52 〉
state. Especially interesting is the case of zero magnetic
field where the SP-STM measurement provides a time
averaged expectation value 〈Sz〉∆T = 0. Fig. 6 a), b)
gives the time evolution ωβ(τPt (Sz)) for the z-component
of the magnetization, for two different values of external
magnetic field Bz. In agreement with experimental data
〈Sz〉∆t = 0 for Bz = 0, while it increases with increasing
Bz. As it is seen in Fig.6 c) at t = 0 the total signal is
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FIG. 6: The time evolution of the adatom spin for the z-
component as a function of time are shown for a), c) Bz = 0
and b), d) Bz = 1 Tesla. The expectation value fluctuates
around thermal equilibrium at T = 4.2 K. The occupation
probabilities Pi for the states i = | 52 〉,...,| − 52 〉 as a function
of time are shown for c) Bz = 0 and d) Bz = 1 Tesla.
composed of the superposition of | 52 〉 and | − 52 〉. As the
tunneling current is switched on the occupation proba-
bilities of those states start to oscillate. The amplitude
of oscillations increases with increasing parameter J and
also depends on ~mtip. The appearance of fluctuations in
the occupation probabilities means that not only | ± 52 〉
states become occupied. In other words magnetization
switching occurs. The results demonstrate that even a
weak perturbation due to tunneling electrons initiates a
quantum tunneling in otherwise diagonal systems. The
expectation value of magnetization at Bz = 0 remains
nearly zero.
CONCLUSION
The non-equilibrium dynamics of adatoms on different
substrates under the action of a magnetic STM tip has
been studied. A satisfactory agreement of Eq. (7) and
(6) with experimental data has been found, when the per-
turbation has been identified as the interaction between
the STM-tip and the sample. It has been shown that
the application of a perturbed KMS state in (7) is well
suited to model relaxation dynamics of magnetic atoms
at finite temperature. The application of the perturbed
dynamics in Eq. (6) can be used to investigate the system
dynamics during an SP-STM measurement.
Fig. 2, 3 and 4 demonstrate that thermalization can be
achieved for relatively small systems, which can be calcu-
6lated using exact diagonalization. The relaxation can be
approximated with an exponential function, which is in
agreement with experimental results. It is demonstrated
that the lifetime of single adatoms increases with increas-
ing anisotropy barrier and decreasing temperature.
We were able to reproduce the experimentally obtained
time averages of expectation values. Additionally the
dynamics of the sample (see Fig. 6) for time scales which
are shorter than the resolution time of the STM has been
described using the integrand of Eq. (8).
A finer mathematical structure [5] can be implemented
into the rough structure described in section II. This
is done by the replacement of the substitution of the
Hamiltonians H  H + P by C∗-dynamical systems
(A, τ)  (A, τP ). This general mathematical structure
can also be applied to fermionic lattice systems, e.g. the
Hubbard model, and continuous fermionic systems in the
algebraic approach to Quantum Field Theory.
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